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Some notes on analytical derived loudspeaker arrays with uniform radiation characteristics are
presented. The array coefficients are derived via analytical means and compared with so-called
maximal flat sequences known from telecommunications and information theory. It appears that the
newly derived array, i.e., the quadratic phase array, has a higher efficiency than the Bessel array and
a flatter response than the Barker array. The method discussed admits generalization to the design
of arrays with desired nonuniform radiating characteristics.2@0 Acoustical Society of America.
[S0001-496600)00901-2

PACS numbers: 43.38.Ar, 43.38.HIBLE]

INTRODUCTION appropriately chosemand o which we call “Bessel array.”
_ ) Using the asymptotics of the Bessel functions we indicate

There is a vast amount of literature on loudspeaker ary,,es forz (depending on their length) such that the re-
rays radiating sound in a particular direction; see, e.g., Ref. 1, ting array has a good trade-off between spectral flatness
and the classical paper, Ref. 2 The dlrect!onal characteristicg, 4 efficiency[see Eq.(15) for the definition of efficiency
of such an array—when depicted graphically—assume thg, sec || we present some considerations that lead to new
form of a major or principal lobe and several minor or S€C-arrays which we call the “Quadratic Phase arrays.” These
ondary lobes. Instead of making the array directive, one may,raus tum out to have efficiencies much better than the
desire an array having a directional response proportional tResse| arrays, and a better spectral flatness than the Barker
that _of a single qudspeaker with a gain factor as high asnq other binary arraydx;|=1). Contrary to Barker arrays
possible. The_ application of s_uch an array could be to ad(which have at most 13 elemehtshere are no length limi-
dress an audience, where a single loudspeaker does not ralizions for Quadratic Phase arrays. Moreover, the coefficients
ate sufficient power while it is desired that the perception ofy¢ e Quadratic Phase arrays are easy to compute since they
the listeners is independent of their position to the array. The, given in analytical form. Such a thing does not hold for
calculation of the array coefficients is the topic of the presenBarker, binary(MF) sequences, anthonbinary Huffman

paper. In Ref. 3 another approach is followed where they5vs for which an exhaustive search must be done to find
problem is treated as an approximation to a continuous dise coefficients.

tributed sensor.

The directional response of a linear loudspeaker array
depends on the coefficients assigned to the individual loud BESSEL ARRAY
speakers. The sound pressure of a loudspeaker arrayNwith

identical equally spaced loudspeakers is given by It was suggested by N. V. Franssen and elaborated by

W. Kitzer? to usex,=J;(z)/ 0. HereJ, is the Bessel function
M of the first kind of orded, the argument is to be chosen
p(Q,0,1)=A(w,0)R(w,r) > xe"?, (1)  appropriately, andr is a normalization constant such that
I=-M maxx |=1. Using the generating function df(z) [Ref. 6,

where @ is the angle of observatiody(w, ) the directional Ed. 9.1.4%:

response of a single loudspeakéris the distance between o

the loudspeakers) = wd sin(d)/c, w is the radial frequency eZt-1M2= X tl3,(z), 2

of the soundy is the common distance to the arrayis the I==

velocity of soundR(w,r)=r"te™'*"°, x, is the coefficient with t=e'®, Eq. (1) can forM —= be written as

for the Ith loudspeaker, antl=2M +1 is the number of _ iz sing

loudspeakers. We assume here that the observation point is P, 0. )m—==A(w, O)RE ' )

in the far field so that>c/w andr>2Md. Equation(3) shows that, apart from a phase factor, the array
In general terms the paper discusses various loudspeakexhibits a directional response proportional to that of a single

array coefficients: one based on Bessel functions, a newlipudspeaker, i.e.,

derived array called “the Quadratic Phase array,” and coef-

ficients with optimal autocorrelation properties known from [P, 6.y <l esser= | A(w, O)R. )

telecommunications and information thedsuch as Barker, It appears from Eq4) that the amplitude of the sound pres-

Huffman, and binary maximally flatMF) sequencés' The  sure does not depend anm However, for practical Bessel

paper is organized as follows: In Sec. | we consider arrays iarrays, wheré is finite, a judicious choice afis necessary.

which we take as the array coefficients=J,(z)/o, with  Since the right-hand side of E¢3) has an absolute value
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independent of), the array exhibits as an acoustical all-pass

filter. It is known from psycho-acoustic theory that the hu- 10
man ear is not very sensitive to phase distortion, whence 0.8
ignoring the phase factor does not cause serious problems. \

To obtain a finite sum as in E@l), the infinite series of
EqQ. (2) must be truncated at both sides to a finite length
the coefficients, must be normalized by a suitable factgr

and an appropriate fixed value pmust be chosen, depend-
ing onM and such that the modulus of the sound pressure is,

to a good approximation, independent @f These topics,

o\
0.0 \

0 2 3 4

including the influence of the truncation, are discussed be- Y

low.

A. Calculation of appropriate fixed value of z

FIG. 1. The approximate truncation errhrvs v, see Eq.(9).

(2) is equal to unity. Therefore the value of where the

The error introduced due to the truncation of the inﬂnitemaximum value Oﬂv(ZF) occurs, must be calculated.

sum in Eq.(2) is equal to

©)

M
A=eiz sinQ) __ E \]|(Z)eilﬂ.
I=—M

This error will influence the array behavior when we use the

truncated version of Eq2) to implement Eq(1). Clearly A

To that end we use the asymptotic expandiBef. 6,
Eq. 9.3.23 of J, in the transition region wher&, takes its
largest valugsee Fig. 2 Thus

J,(v+av®)~(2/v)BAi(—2%a). (10)

It appears that Ai 2¥3a) has maximum value=0.5357 at

depends o, and we are interested in particular in the @~0.8086. Solvingzz= v+ av*® for », keeping in mind that

maximal errorA. For fixedz=zz~M, and(Q such that the

error is maximal, it can be shown from the asymptotics of

the Bessel functionfRef. 6, Sec. 9.Bthat

|A] J;Al(s)ds, (6)
where
o |13
y=(m) (M+1-2), @)

and Ai(s) is an Airy function[Ref. 6, Sec. 10} As to the
choice ofy there is a trade-off between taking larges0 so

that|A| is small and taking smaly=0 so that the efficiency
of the array is large.

A value suggested by N. V. Franssen was=M —1,
which vyields 0.5<y<1.4 for 106=M=5. Using the
asymptotic expansiofRef. 6, Eq. 10.4.8P

X 1 1
fo Ai(s)ds~ 35 7 M2y = 3= (20332 ®

we obtain
|A|l~ %7771/27—3/487(2/3”3/2; ©

the right-hand side of E(9) is plotted in Fig. 1.
Using y=223 gives A~0.1 and zz=M+1—(M
+1)Y3. The advantage of this “rule of thumb” value af

over Franssen’s rule is that it yields an erfoindependent
of M.

B. Calculation of the scaling factor

To compare the performance of the array with that of a
single loudspeaker, we normalize the coefficients by a scalar
o such that the largest coefficient in the summation of Eq.
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v~Zg, gives
VNZF_a(ZF)lls. (11)

Using Eg. (10), with v as in Eqg.(11) and ze.~M=(N
—1)/2, yields

J,(zg)~0.85N 13, (12
When we truncate the infinite sum in E®) to =M and use
(13

as a normalization factor, the maximum coefficient is equal
to one. Finally, the summation of E(l) becomes
M

om=J,(Z¢)

|p(Q,6,r)|/aM%|A(w,0)R||:E_M J(zp)loy.  (14)
C. The efficiency of Bessel arrays

The efficiency of an array is defined as

n=E/(N maxx;|?), (15)

with normalization factorE=3M _,|x/|2. Using the addi-
tion theorem for the Bessel functiofRef. 6, Eqg. 9.1.7f the
efficiency for a Bessel array is

o)
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FIG. 2. J,(2)/ o vs |, with o=0.243 andz=70/x.
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5 [P(Q,0.7)|gesser 118N A(w, O)R). (23
\ a—= Uniform Here we see that to obtain an array with a directional re-
4 a==-s Barker | sponse proportional to that of one single loudspeaker, the
\ *-- - Bessel increase in sound pressure level is, at best, proportional to
| - _a JN. To obtain a level of 10 times a single loudspeaker we
e < need approximately 600 loudspeakers in a Bessel configura-
= . \ ala e tion.
— 2 \\ ,‘;’_ _:\. ,'/
ST R et e +
1 \ o o Il. QUADRATIC PHASE ARRAY
\/ \/ In the previous section it was shown that the gain of
0 Bessel arrays is of the order Nf/3[Eq. (23)]. This power of
0 m/2 m 1/3 is due to the relatively large values of the Bessel coeffi-
Q cients (for fixed 2) in the transition region. In order to im-

prove the efficiency, the following idea was developed. The
reason for using the Bessel array was that the generating
function of J;(z) [see Eq(2)] is the Fourier transform of the
sequenceJ;(z)),. Substitution oft=e'? in Eq. (2) gives

FIG. 3. Comparison of the directional dependenfy/R| vs Q) of a uni-
form, a Barker and a Bessel array, with=5 loudspeakersN| =2).

Tgesse™ LINop), (16) )
so that for largeN [using Eqs(12)—(13)] gzsint= > giflg(z). (24)
|=—o
7)Bessel™ 1.AN"13 17

o Applying the inverse Fourier transform to both sides of Eq.
Clearly, for large Bessel arrays the efficiency decreases. (24 gives the integral representation of the Bessel function
[Ref. 6, Eq. 9.1.2}

D. Comparison with Barker arrays

— " i(zsinf—16)
A different approach for array beam forming was given N(2)=1/2m) f_ We de. (25)

in Refs. 7 and 8 where, instead of Bessel coefficients, Barker ) )
sequences were used, wheyes = 1. The largest Barker se- From Eq.(25) one can de_rlve the behavior 6(z) for |l|

guence known is foN=13. A comparison between a uni- =<z by employing the stat|ona.ry phase metfidd can thus
form, a Barker, and a Bessel array, usitygz: as presented be seen that for values dfwith [I|~2z one must expect

at the end of Sec. | A, with five loudspeakers, is shown in|‘]'(z)| to be relatively large sincesin6—16 has a nearly
Fig. 3 vanishing second derivative with respectéat §=0 or

One can state in general that for loudspeaker array adpr these values df Such a thing can be avoided by replac-

plications, sequences with good autocorrelation propertie 2% tge sin&hin thfe exponenti]?l at r:heh Ier:t-hand s(ijdz O.f Eq.
(that is, having a high efficiency and a maximally flat ampli- ) by a phase functiog(¢) for which the second deriva-

tude spectrumare superior to Bessel arrays with respect totiVe of 2¢(0) always stays away from 0. We thus propose to
chooseC,(z) such that

efficiency. This can be shown easily as follows.

The spectrunX; of such sequences is approximately . S
flat, or Vj|X;|~C. Using Parseval's theorem we have c(6;2):=€'?? = 2 e'’C(2), (26)
E=2 [x|>~C?, (18)  whence
|
and with Eq.(15) we can write C((2)= 1/(27r)f el@d0=10 g, 27
C~VN7. (19 where
For a flat binary sequencey&1) we get #(0)=(1—|0|/m) 0l , 29)
Ce=N, 20 it |0|<m. Thusc(6;z) andC,(z) are a Fourier pair, and
and for a Bessel sequenfgsing Eq.(17)] since|c(#;z)|=1 it is guaranteed that the sequeriehas a

flat spectrum.
~ 13

Cp~1.1807 @D We call the sequendg, the “Quadratic Phase array.” It
Using the above and considerir@ as the gain factor of is not easy to calculate the values ©f directly, but by
using N loudspeakers instead of one, we can write for anevaluating Eq.(26), and applying a discrete Fourier trans-

array with coefficients equal to a flat binary sequence form to this result, the&C, can be computed and are plotted in
B Fig. 4 (dashed curve Instead of using a discrete Fourier
|p(Q'0’r)|b‘“aW_ \/N|A(w,6)R|, (22 transform,C,; can be approximated directly, as discussed in
while for Bessel coefficients we get the Appendix.

289  J. Acoust. Soc. Am., Vol. 107, No. 1, January 2000  R. M. Aarts and A. J. E. M. Janssen: Arrays with uniform characteristics 289



0.2 i [: v/
| I
8 I l
S 0.0 .'...; I
)
-0.1 N U
-0.2 t
—44 -z/m 0 z/m 44

FIG. 4. Exact and approximated seque@efor z=70. Dashed curveC,
(exact via a 1024 point FBTSolid curve:[with Eq. (33)] approximatedC,
for |l|<z/.
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FIG. 5. The difference between the exact and approximated versi@ of
(for z=70).

As the figure shows, there is no peaking of the sequencEFT, and a smaller value farz, however, this is at the
C, in the transition region, as occurred in the Bessel coeffiexpense of a smaller efficiency. The Huffman array has a
cients case. The sequenCg has a nice compact burstlike good performance, but there are neither analytical methods
behavior. This is an attractive feature because the efficiencgvailable to calculate the coefficients nor their efficiency, and

will be higher than for the Bessel coefficients.
Using the method of stationary phaséhe integral in

Eqg. (27) when|l|<z/7 can be approximated. The stationary

points follow from

z¢'(0)=1, (29
and using Eq(28) we obtain
0,= w?(1m—112)/2. (30

Now we get from the stationary phase method

C|(z)~2£)%[ 1/(27T)ei[14/>(€|>7|6'.]foo eizd”(6)(6-0)%12 49|
(31)

Then for 0<|<z/7 we have¢” ()= —2/7?, and using

f e M0 dp= Ty, (32)
with y=—iz¢"/2 we finally obtain
C\(2)~Jmlzcodz(1—|7lz)?l4— 7l4). (33

For —z/7<I<0 we use thaC_,=(—1)'C,.
The approximated sequen€eg [with Eq. (33)] is plotted

in Fig. 4 (dotted curveé The difference between the exact
and approximated version df, is plotted in Fig. 5. The

Fourier transform of the approximate@, [using Eq.(33)
without the leading term(w/z] is plotted in Fig. 6 forz

the efficiency behaves somewhat as an erratic function of
array length.

The aim of the proposed quadratic phase array was, as in
the case of the Bessel array, to radiate uniformly over the
entire () range. To meet this end with an efficiency that
compares favorably with that of a Bessel array, we have
choseng(6) such that the envelope of th&(z) is approxi-
mately constant in the rangd <z of interest{see Eq(33)].
When one prefers a different envelope, this can be achieved
by choosing¢(6) in such a way that the desired envelope
results in terms of” in the same manner as this occurred in
Egs. (31)—(33) for the case of a uniform envelope. This
makes the method very flexible and can be implemented
even as an adaptive array. We finally observe that our
method generalizes in a straightforward way when the de-
sired radiation characteristic is a slowly varying function of
), rather than a constant. We intend further investigation on
this point.

=70, together with two Fourier transforms of sequences
known from telecommunications and information theory as
maximal-efficient Huffman sequence and a maximal-flat bi-
nary sequencéMF) [Ref. 4, Table IlIl, respectively, and
finally a Bessel arrayz=20.2). Since the maximal length of
a Barker sequence corresponddvte-=6, the Barker array is
not included in the comparison, where we have 45 loud-
speakers M =22).

Figure 6 shows that—due to the approximation and trun-
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FIG. 6. Comparison of the direction dependertgy vs Q) of a maximal-

Catlon_OfC'_there appgars a ripple in the _response. HOW_efficient Huffman sequence, a Quadratic Phase af@RA, z=70) a
ever, it has a good efficiency. If one desires a flatter remaximal-filat binary sequenodF, Ref. 4, Table 1), and a Bessel array

sponseC, can be obtained by using Eq®6) and (28) an
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(y=2' z=20.2), each with 45 loudspeakets! & 22).
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TABLE |. Design example of various array types of lengdt+ 13, with 0 Bessel
their efficiency». The first coefficients are given, the others are found by 204

using the skew-symmetry proper@._,=(—1)'C,. MF is the best possible %
Maximally Flat sequence, the so-called Barker sequence. For the Bessel 7{
arrayz=5.0, for the QPA using Eq.(33)] z=18.0. g
o
[ MF Bessel QPA é
0 -1 —0.454 —0.864 g
1 1 —0.837 —-0.670 £
2 1 0.119 0.447 ==
3 -1 0.933 1.000 = =
4 1 1.000 0.957 S ST = Qt%&gg\@\
5 -1 0.667 0.778 =
6 1 0.335 0.735 FIG. 8. Design example of a Bessel arrdy=13, z=5.0). Frequencies
7 1 0.499 0.628 have been normalized and are expressed in termas, of
20 QPA
—
[ll. DESIGN EXAMPLE i%
[}
To gain some insight into the coefficients of the various g
arrays, a design example is given in Table | for an array with g
13 loudspeakers. The table shows that the Quadratic Phase a; 04
array has a higher efficiency than the Bessel array. The maxi- g
mally flat sequencéMF) has—because it is a binary array— <

b

the maximally attainable efficiency, but does not allow us to
trade flatness against efficiency as opposed to Quadratic
Phase arrays by varying the value of the parametélsing
the coefficients _of T_able | the array responses are calculate'g!G. 9. Design example of a QPA ardysing Eq. (33, N=13, z

and are shown !n_ Figs. 7-9, together with an umform eray: 18.0]. Frequencies have been normalized and are expressed in terms of
Fig. 10(all coefficients equal to oneThe frequency axis in .

the plots are normalized as

w,= wd/c. (34

N
(&

It appears that the newly derived array, the Quadratic Phase
array, has a higher efficiency than the Bessel array and a
flatter response than the Barker array. The ripple in the MF
array (Fig. 7) looks similar as that of the Quadratic Phase
array (Fig. 9. However, for the MF array there is a rather
strong increase in output for values@fin the neighborhood

of integer multiples ofr (e.g., small values ab,, or 6). This ]
can be seen more clearly in the plot for the smaller array of Q’Q\Qg
Fig. 3. For the larger arrayN=45) there is for the MF array
not such a ridgésee Fig. 6, but the response is a somewhat =
erratic function of(}.

gl
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FIG. 10. Design example of a uniform arrégil coefficients equal to one,
N=13). Frequencies have been normalized and are expressed in terms of

wp .
20
)
° 2
@
c 0 ’
> \
® 0
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e => =Y
=TTy SIS — g(x)
= by | &(-x)
0 1 2 3 4 5
FIG. 7. Design example of an MF arrajl & 13), the best possible Maxi- X
mally Flat sequencéBarker sequenge Frequencies have been normalized
and are expressed in terms @f . FIG. 11. Auxiliary functiong(x) (solid) andg(—x) (dotted.
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IV. CONCLUSIONS

It appears that the newly derived array, the Quadratic

g(—x)=cog mx?/2) + sin(wx2/2) — g(X). (A2)

Phase array, has a higher efficiency than the Bessel array addie functiong(x) is plotted in Fig. 11.
a flatter response than the Barker array. The Quadratic Phase

array and the Bessel array allow for trading flatness agains
efficiency by varying the value of the parameteiThe pro-

t
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with desired nonuniform radiating characteristics.

APPENDIX: EXPRESSION OF C/(z) IN TERMS OF
THE FRESNEL AUXILIARY FUNCTION

The integral in Eq(27) can be expressed in terms of the
Fresnel integrals and, using the auxiliary functimix) [see
Ref. 6, Eq. 7.3.§ we have

Ci(2) =7l (22)(g(— @) = (- 1)'g(w_)), (A1)

where o= \z/w(1—|7/z). Accurate asymptotic approxi-
mations ofg(x) are given in Ref. 6, Eq. 7.3.28. A rational
approximation ofg(x) for x=0 is given in Ref. 6, Eq.
7.3.33; forx<0 we can write(using Ref. 6, Egs. 7.3.6,
7.3.1%
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