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Abstract

Formulas are proposed for estimating and tracking the (time-dependent) frequency and amplitu
of a sinusoidal signal. These formulas are recursive in nature, and use only the instantaneou
of the signal, in a low cost and low complexity manner; in particular, there is no need to take
roots or to carry out divisions. Special attention is paid to the convergence behavior of the alg
for stationary signals and the dynamic behavior in case of a transition to another stationary state. T
latter issue is considered to be important to assessthe tracking abilities for non-stationary signals.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction

In many engineering applications, such as in astronomy, acoustics, and commun
one likes to know the frequency of a signal. Other applications like (acoustic) velocity
surements of Doppler shift, frequency shift keying (FSK), sonar, and biometrical, s
for more applications. Recently an algorithm wasdevised for rapid power-line frequenc
monitoring [2], based on a number of formulas presented in [3]. There is a vast a
of literature on this topic including a textbook [4]. A comparative study of four ada
tive frequency trackers is given in [5]. While most of the algorithms presented in [4
advanced and not very suitable to implement in real-time, the algorithm proposed
present paper is striving for maximum efficiency, by avoiding division, trigonometric
erations such as FFT—which also necessitates the use of buffers—and the like. A
difference is that the advanced methods are meant for tracking in bad SNRs, so the
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of applications is different from what here is envisaged. We pay special attention to
convergence behavior of the algorithm for stationary signals and the dynamic beha
case of a transition to another stationary state. The latter issue is considered impor
assessing the tracking abilities for non-stationary signals.

We shall show in Section 2 that the recursion

r̂k = r̂k−1 + xk−1γ [xk + xk−2 − 2xk−1r̂k−1] (1)

can be used to get a good approximation of the frequency of a signal given by

rk = cos
(
ω0(k)Ts

)
, (2)

whereω0(k) is the frequency of the input signalx(k) to be determined,k is the time index,
andfs = 1/Ts is the sampling frequency. The ‘hat’ onr̂k denotes that it is an approximat
value ofrk . The parameterγ determines the convergence speed, and hence determin
tracking behavior of̂r , but not the actual value of limk→∞ r̂k in the stationary case.

Equation (1) is the basis for our approach of recursively tracking the frequency.
In Section 3 we shall analyze the solution of Eq. (1), starting from an initial valuer̂0 at

k = 0, whenγ ↓ 0, and we shall indicate conditions under which

lim
γ↓0

[
lim

k→∞ r̂k

]
= cos(ω0Ts). (3)

While the analysis is similar to that of an other algorithm [6], the present papers d
in two aspects. First, the former method tracks the correlation coefficient of two sig
while the present method tracks the frequency of a single signal. A second difference
the former method considers in the final tracking formula signals with equal RMS v
while the present method does not have this restriction. The final tracking formula di
both methods. The analysis in [6] was facilitated considerably by switching from (discret
time) difference equations as in Eq. (1) to (continuous-time) differential equations, a
same approach shall be followed here.

In Section 4 we consider the case of a sinusoidal input signalx, and we compute explic
itly the left-hand side of Eq. (3) for the solution of Eq. (1). It turns out that the recur
Eq. (1) yields the correct valuer for the left-hand side of Eq. (3). At the end of Section
we derive Eq. (34) to track the (squared) amplitude of the signalx.

Finally, conclusions are given in Section 5.

2. Derivation of tracking formulas

In this section we considerr as defined in Eq. (2), and we show thatr satisfies to a good
approximation (whenγ is small) the recursion in Eq. (1).

We start with Adelson’s equation from [2]

r =
∑n−1

j=1 xj (xj−1 + xj+1)

2
∑n−1

x2
. (4)
j=1 j
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In order to make this formula suitable for tracking purposes, it is modified into

rk =
∑n−1

j=1 xk−j (xk−j−1 + xk−j+1)

2
∑n−1

j=1 x2
k−j

. (5)

Now rk depends onn − 1 samples from the past and the current samplexk. However, it is
not optimal for tracking purposes, since it suffers from the fact that it requires many
ations and may lead to numerical difficulties in the case of a small denominator in E
Therefore, a second modification is made by using—instead of a rectangular windo
an averaging over 2n xixi+1 products—an exponential window. In order to minimize
number of operations we selectn = 2 in Eq. (5). Now we define (indicesn for numerator,
andd for denominator)

r(k) = Sn

Sd

, (6)

where

Sn(k) =
∞∑
l=0

c e−ηlxk−l−1(xk−l + xk−l−2), (7)

Sd(k) =
∞∑
l=0

2c e−ηlx2
k−l−1, (8)

c = 1− e−η, (9)

andη is a small but positive number that should be adjusted to the particular circums
for which tracking of the frequency is required. We now start to show thatr of Eqs. (6)–(9)
satisfies to a good approximation the recursion in Eq. (1). To this end we note that

Sn(k) = e−ηSn(k − 1) + cxk−1(xk + xk−2), (10)

and

Sd(k) = e−ηSd(k − 1) + 2cx2
k−1. (11)

Hence, from the definition in Eq. (6),

r(k) = Sn(k − 1) + c eηxk−1(xk + xk−2)

Sd(k − 1) + 2c eηx2
k−1

. (12)

Since we consider small values ofη we have thatc = 1− e−η is small as well. Expandin
the right-hand side of Eq. (12) in powers ofc and retaining only the constant and the line
term, we get after some calculations

r(k) = r(k − 1) + c eη

Sd(k − 1)
xk−1

[
xk + xk−2 − 2r(k − 1)xk−1

] + O(c2). (13)

Then, deleting theO(c2) term, we obtain the recursion in Eq. (1) when we identify

x2
RMS = Sd(k), (14)
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for a sufficiently largek, and

γ = c eη

x2
RMS

, (15)

which is a constant for a stationary signalx.
We observe at this point that we have obtained the recursion in Eq. (1) by app

certain approximations (as in Eq. (14)) and neglecting higher order terms. Therefor
not immediately obvious that the actualr of Eq. (2) and the solution of̂r of the recursion
in Eq. (1) have the same value, in particular for largek. In Section 3, however, we sha
show that̂r andr are closely related for the purposes of frequency estimation.

3. Analysis of the solution of the basic recursion

In this section we consider the basic recursion in Eq. (1), and we analyze its so
r̂(k), given an initial valuer̂0 at k = 0, whenγ ↓ 0. We do this by reformulating th
recursion in Eq. (1) so that it assumes the same form as the recursion in [6]. It app
be convenient to introduce the new variables

βk = 2x2
k−1, (16)

and

δk = xk−1(xk + xk−2). (17)

Thus, we shall consider the recursion in Eq. (1) which we rewrite as

r̂(k) = (1− γβk)r̂(k − 1) + γ δk (18)

for k = 1,2, . . ., with γ a small positive parameter andδk, βk bounded sequences wi
0 � βk � 1.

In [6] it was shown how to obtain the limiting behavior ofr̂(k) ask → ∞ whenγ > 0
is small. This was done under an assumption (slightly stronger than required) that the
values (denoted byM[.])

b0(γ ) = M

[−1

γ
log(1− γβk)

]
= lim

K→∞
1

K

K∑
l=1

−1

γ
log(1− γβl),

d0 = M[δk] = lim
K→∞

1

K

K∑
l=1

δl (19)

for the discrete-time case and

b0 = M
[
β(t)

] = lim
T →∞

1

T

T∫
0

β(s) ds,

d0 = M
[
δ(t)

] = lim
T →∞

1

T

T∫
δ(s) ds, (20)
0
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for the corresponding continuous-time case, exist.
Sinceb0(γ ) → b0 asγ ↓ 0 it was shown [6] that

lim
γ↓0

[
lim

k→∞ r̂(k)
]

= M[δk]
M[βk] = d0

b0
= M[δ(t)]

M[β(t)] (21)

and, for any numberb < b0(γ ), that

r̂(k) = d0

b0(γ Ts)
+ O(e−γ bkTs ), k � 0. (22)

This shows that the time constant, i.e. the time for the exponential term to drop toe−1 of
its original value, for the tracking behavior is given by

τ = Ts

γ b0(γ Ts)
. (23)

We finally observe that,b0(γ ) → b0 as γ ↓ 0. In Section 4 we shall work this out fo
sinusoidal signalsx.

4. Sinusoidal input signals

In this section we test the algorithm derived in Section 2, and analyzed in Section
respect to the steady state behavior, for sinusoidal input signals. Hence we take

xk = A0 sin(ω0kTs + φ), (24)

with arbitraryA0 andφ. Calculatingβ andδ with Eqs. (16)–(17), and using Eq. (21) it
easy to obtain that

lim
γ↓0

[
lim

k→∞ r̂(k)
]

= cosω0Ts, (25)

compare with Eq. (2), and this limit obviously does not depend onA0 nor onφ. If Eq. (24)
andrk−1 = cosω0Ts is substituted into Eq. (1) then we getrk = rk−1, independent onγ ,
indicating thatr remains on a constant converged value. Using Eq. (23) andb0 = A2

0 it
appears that the time constant of the tracking behavior is equal to

τd = Ts

/(
γA2

0

)
. (26)

Consider the case that the signalx consists of two sinusoids (with unequal frequencie
where the latter can represent a disturbance, such as a harmonic distortion, of t
sinusoid. Thus

xk = A0 sin(ω0k) + A1 sin(ω1k), (27)

and by using Eqs. (16)–(17), and Eq. (21) we get

lim
γ↓0

[
lim

k→∞ r̂(k)
]

= A2
0 cosω0Ts + A2

1 cosω1Ts

A2
0 + A2

1

. (28)

Here we see that adding a second sinusoid, the result (Eq. (28)) deviates from th
single one (Eq. (25)), but as long asA1 � A0, this will be a small effect only. Consider th
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Fig. 1. Step response onr using Eq. (1) vs normalized time (or sample index)k for a sinusoidal input signal with
amplitudeA0 = 1, r̂0 = 0, andγ as parameter, and making a step fromω0Ts = π/5 (r = 0.81) toω0Ts = 2π/5
(r = 0.31). The dotted lines are the final values given by Eq. (25). The parameterγ is changing from 2× 10−3

to 6× 10−3 with steps of 1× 10−3, and is causing steeper edges inr for larger values ofγ .

case that the signalx consists of a sinusoid with additional noisen(k) (with autocorrelation
functionRn(k)). Thus

xk = A0 sin(ω0k) + n(k), (29)

and we get

lim
γ↓0

[
lim

k→∞ r̂(k)
]

= A0
2 cosω0Ts + 2Rn(Ts)

A0
2 + 2Rn(0)

. (30)

Here we see that adding a noise to the sinusoid, the result (Eq. (30)) deviates fro
of a single one (Eq. (25)), but as long asn(k) � A0, this will be a small effect only
Equation (30), shows that ifRn(Ts) andRn(0) are known or can be estimated, the estim
of r̂ can be easily improved.

To demonstrate the tracking behavior of Eq. (1), in Fig. 1 the step response is p
for a sinusoidal input signal, making a change in frequency, for various values ofγ . It
appears that the time constants correspond well with the values predicted by Eq. (2
values ofγ used in Fig. 1 are just for illustration purposes, but may be much large
obtain stability we need|1 − βkγ | < 1. Practical values for sinusoidal input signals
0 < A0γ < 0.5.

The same procedure as for tracking the frequency, can be followed in order to tra
the amplitudeA0 of the input signal. By simple trigonometry we see that for a sinuso
signalx as Eq. (24) we get the identity

x2
k−1 − xk−2xk = A2

0 sin2(ω0T ). (31)
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Now using Eq. (25) and Eq. (31)A2
0 can be tracked. To that endβ andδ in Eq. (16) and

Eq. (17) are modified into

β ′
k = 1− r2

k , (32)

and

δ′
k = x2

k−1 − xkxk−2. (33)

Using Eq. (18) we get

A(k) = (1− γβ ′
k)A(k − 1) + γ δ′

k, (34)

whereÂ0 = √
A(k).

5. Conclusions

This paper has presented formulas for tracking the frequency and amplitude o
nusoidal signal in real-time. The proposed method aims at lowering the computa
complexity compared to the other methods. It has been shown that the proposed
contains only a few arithmetic operations, and is insensitive to the initial value. The b
ior of the algorithm has been shown to providesatisfactory accuracy for sinusoidal inpu
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